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Abstract

We introduce a new family of Godunov-type semi-discrete central schemes for multidimensional
Hamilton-Jacobi equations. These schemes are a less dissipative generalization of the central-upwind
schemes that have been recently proposed in series of works. We provide the details of the new family
of methods in one, two, and three space dimensions, and then verify their expected low-dissipative

property in a variety of examples.
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1 Introduction
We consider the multidimensional Hamilton-Jacobi equation,

ot +H(Vxp) =0, xe€ Rd: (1.1)

with Hamiltonian H. First-order numerical schemes that converge to the viscosity solution of (1.1)
were first introduced by Crandall and Lions in [5] and by Souganidis in [17]. Recent attempts to
obtain higher-order approximate solutions of (1.1) include upwind methods, discontinuous Galerkin
methods, and others. Here, we study a class of projection-evolution methods, called Godunov-type
schemes. The main structure of these schemes is as follows: one starts with the point values of the
solution, conmstructs an (essentially) non-oscillatory continuous piecewise polynomial interpolant, and
then evolves it to the next time level while projecting the solution back onto the computational grid.
The key idea in Godunov-type central schemes is to avoid solving (generalized) Riemann problems, by
evolving (locally) smooth parts-of the solution.

Second-order staggered Godunov-type central schemes were introduced by Lin and Tadmor in [14, 15].
L'-convergence results for these schemes were obtained in [14]. More efficient non-staggered central
schemes as well as genuinely multidimensional generalizations of the schemes in [15] were presented in

[1], with high-order extensions (up to fifth-order) proposed in [2, 3].
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Second-order semi-discrete Godunov-type central schemes were introduced in [12], where local speeds
of propagation were employed to reduce the numerical dissipation. The numerical viscosity was fur-
ther reduced in the central-upwind schemes [10] by utilizing one-sided estimates of the local speeds
of propagation. Higher-order extensions of these schemes were introduced in [4], where weighted es-
sentially non-oscillatory {WENO) interpolants were used to increase accuracy. WENO interpolants
were originally developed for numerical methods for hyperbolic conservation laws [16, 8], and were first
implemented in the context of upwind schemes for Hamilton-Jacobi equations in [7).

Godunov-type central-upwind schemes are constructed in two steps. First, the solution is evolved to
the next time level on a nonuniform grid (the location of the grid points depends on the local speeds,
and thus can vary at every time step). The solution is then projected back onto the original grid. The
projection step requires an additional piecewise polynomial reconstruction over the nonuniform grid.
In this paper we show that in the semi-discrete setting different choices of such a reconstruction lead
to different numerical Hamiltonians, and thus to different schemes. In particular, we can recover the
scheme from [10]. A more careful selection of the reconstruction results in a new central-upwind scheme
with smaller numerical dissipation. This approach was originally proposed in [11], where it was applied
to one-dimensional (1-D) systems of hyperbolic conservation laws. It has been recently generalized and

‘implemented for multidimensional systems of hyperbolic conservation laws in [9].
The paper is organized as follows. In §2, we develop new semi-discrete central-upwind schemes for

1-D Hamilton-Jacobi equations. We also review the interpolants that are required to complete the
construction of the second- and fifth-order schemes. Generalizations to more than one space dimensions
(with special emphasis on the two-dimensional setup) are then presented in §3, where the corresponding
multidimensional interpolants are also discussed. In §4, we evaluate the performance of the new schemes

with a series of numerical tests. Finally, in the Appendix, we prove the monotonicity of the new

numerical Hamiltonian.

2 One-Dimensional Schemes

2.1 Semi-Discrete Central-Upwind Schemes for Hamilton-Jacobi Equations

In this section, we describe the derivation of a new family of semi-discrete central-upwind schemes for
the 1-D Hamilton-Jacobi equation,

vt + H (pz) =0, zeR, (2.1)

subject to the initial data ¢(z,t = 0) = @g(z). We follow the approach in [10] (see also [12]). For
simplicity we assume a uniform grid in space and time with grid spacing Az and At, respectively. The
grid points are denoted by z; := jAz, t" := n/t, and the approximate value of ¢ (z;,t") is denoted by
©7
Assume that the approximate solution at time 7, (p?, is given, and that a continuous piecewise-
polynomial interpolant (z,t") is reconstructed from 7. At every grid point, the maximal right and

left speeds of propagation, a;.“ and a;, are then estimated by

af = max {H'(v),0}, aF = min {H'(u),0}|, (2:2)

e - j o -
min{p; 03 }Su<max{pz o7 } min{p7 ¥ }<ugmax{ez o }
where (I are the one-sided derivatives at z = z;, that is

oF = Pala; £0,17).
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Figure 2.1: Central-upwind differencing: 1-D

If the Hamiltonian is convex, (2.2) reduces to

af = max {H'(p7), H'(p3),0}, aj = [min {H'(7), H'(¢3),0}]. (2.3)

We then proceed by evolving the reconstruction ¢ at the evolution points Tiy =2 iaj-:At, to the next
time level according to (2.1). The time step At is chosen so that zi < x'é +1)- for all j. Therefore the
solution remains smooth at z7, for ¢ € [t", 1] (see Figure 2.1) and we can compute the values of the

evolved solution {<p"+1} by the Taylor expansion:
it = B(fe, t7) — AtH (Fo(z]y, t7)) + O (A7) . (2.4)
Using the values {¢}] 1!} on the nonuniform grid {24}, we construct a new quadratic interpolant

+1
¥(z, 1) on the interval [z7_,z7],

n+1 n+1

_~ %5} —Yi_ 1. .. ' n
¥ (2, ") = ot F 4 H (z~27) + 5 (@Bea)j (@ — 27 ) (@ — 2F4), (2.5)
Jj+ Jj=

where (g’o‘w);”'1 is yet to be determined and is an approximation to ¢z (27, ), T} = (2%, +27_)/2.
The projection back onto the original grid is then carried out by evaluating 1;(:1:, t"+1) at 2,

—+ —
~ a. a. 1
n+1 n+1 J n-1 J n+1 n+1 2
zj,t = - At 2.6
=9%( )= S J__w, Fta _<PJ+ 5 (@z2); T 0 aj (A1)%. (2.6)
Note that if the Riemann fan is symmetric, that is, if a = a7, then Z} = z;. Substituting (2.4) in

(2.6) yields
+
+1 _
Wt = ‘i—("’(% ) = AtH (@ (2, 7))

a; . " 1, _

= (e, ) - MG} 1)) - 5 @e ol o (A + 002 (27)
7 J

Using the Taylor expansion,

F(ahs, ) = o7 £ AtaZed + O(AY, (2.8)
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we arrive at

a“"a At
= AT (oF - p7) - (0T B0, ) + of H(B (], 1)

©; F o T
a; +a; a; +aj
1.
—§(<p )7 e} e (A1)? + O(AL)? (2.9)

We then let At — 0, and end up with the (family of) semi-discrete central-upwind schemes:

d a; H(pE) +af H(¢3) ¢F — o5

4= ] to-(famve Ly [28(@a)7"] ). 2.1

dt @i af +af e (aj' +a; 2 Ao (‘sz)] (2.10)
Here, the one-sided speeds of propagation, a;-‘:, are given by (2.2), and ¢F are the left and right derivatives
at the point z = z; of the reconstruction @(-,t) at time ¢.

+1

Finally, in order to complete the construction of the scheme, we must determine ((,’o‘w)_;L For

example, selecting ((,’5:,535)?+1 to be independent of At gives
H S ynt+ly
AI%I_I’IO [At(<pa:z)j ] =0,

and then (2.10) recovers the central-upwind scheme in [10]. However, since the interpolant %(-,¢"t1)
is defined on the intervals [sc *_, 27, ], whose size is proportional to At, it is natural to choose ((,o,,m);“H
to be proportional to 1/At. In this case, the approximation of the second derivative in (2.10) will
add a non-zero contribution to the limit as At — 0. At the same time, to guarantee a non-oscillatory

reconstruction, we should use a nonlinear limiter. For example, one can use the minmod limiter:

’tn+1 _ z. tn+1 2 (Z7 ’tn+1 _ x'_l—’tn-f-l
At(Bag)] =2minmod( Pala] )+ G d’ @) " P ) ., (2.11)
a. a, a a
2 J

where ¢ is the derivative of (2.5), @ (x?t, t"*1) are the values of the derivative of the evolved recon-
struction @(+,t") at ¢t = ¢t"*!, and the multivariate minmod function is defined by
min{z;}, if z; >0 Vj,
minmod(z;, 23, ...) := mJ_ax{xj}, if £; <0 Vy, (2.12)
O,J otherwise.
A different choice of limiter will result in a different scheme from the same family of central-upwind

schemes.
All that remains is to determine the quantities used in (2.11). Since all data are smooth along the

line segments (z7,,t), t" <t < t"*+1 we can use a Taylor expansion to obtain

Be(aTa ) = B ey, £°) + O(AD). (213
According to (2.5), the derivative Jx(i?, £"*+1) of the new reconstruction ¥ at time level ¢"+1 is
(pn+l (pn_-i_-l
&7, ) = ik T 2.14
"J’x( ) (a+ + (l )At ( )
and after substituting (2.4) and (2.8) into (2.14), we obtain
a-." + +a; oo H ,t’"’ tn
fol toier  H@u(eh ™) - BE@E) | o o)

o (37, 7 = -
Ya(27, 87 (af +4aj) (af +a7)
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Passing to the semi-discrete limit (At — 0) in (2.11), (2.13), and (2.15) gives

. ~ n+1] : + _ int int -~
Al}tr—r»lO {At(‘Pzz)] ] - (a;- + a]-} minmod ((Pz z :wz Qo:z) ’ (216)
where
v . +, .+ — + —
int _ i (7 en gnely . % ¥z T84 P: H(pF) - H(pz) 917
g Algl—?o[w’"'(x] &l = (a}" +a;) (a;-" +a7) (2.17)

Finally, substituting (2.16) into (2.10), we obtain the 1-D low-dissipative semi-discrete central-upwind
scheme:

ol H(pE) + af H(pz T — 7 5 -t glnt o
7 ((lox ) 7 ((Pz ) + a+a.— 901 Pz _ minmod(sox w:r x Pz ) , (218)
a; + a;

d

dt(p](t)~ af + a7 £ af +a7 ' af +af
where ¥ is given by (2.17). For future reference, we denote the RHS of (2.18) by — K BKLP .

Notice, that in the fully-discrete setting the use of the intermediate quadratic reconstruction (-, ¢"*!)
at level t"*! (as opposed to the intermediate piecewise linear reconstruction in [10]) increases the
accuracy of the resulting fully-discrete scheme: O((At)2 + (Az)") versus O(At + (Az)"), where r is the
(formal) order of accuracy of the continuous piecewise polynomial reconstruction &(-,t"). When we pass
to the semi-discrete limit (At — 0), both quadratic and linear interpolation errors go to 0, and therefore
the (formal) order of accuracy of both (2.17)-(2.18) and the semi-discrete scheme in [10] is O((Az)7),
and the temporal error is determined solely by the (formal) order of accuracy of the ODE solver used
to integrate (2.18). However, the minmod limiter introduces a new term that leads to a reduction of
the numerical dissipation without affecting the accuracy of the scheme. To demonstrate this, we show
that ¢ is always in the interval [min{y¥, o7}, max{©7, v }|, and therefore the absolute value of the
term (pF — 7 ) in the numerical dissipation in the scheme from [10] is always greater than the absolute

value of the new term, that is

lez — w7 | > |oF — o7 — minmod (90;* — it it —%‘) :
Indeed, we have
int _ af oF + a7 oy _ H(pd) — H(pz) _ o+ [G}L -H’(f)} - {Hl(f) + aj—J (2.19)
z (af +4a7) (af +4a7) | af+a; “laf+a; |7

where ¢ € (min{p7, 7 }, max{p}, @7 }). It follows from the definition of the local speeds (2.2) that

af —H'(§)>0, H'(§)+a; 20

Thus, (2.19) is a convex combination of 7 and ¢, and therefore Y2 € [min{pF, 5}, max{e;, ¢}

It was shown in [4] that the numerical Hamiltonian H%N¥ from [10] is monotone, provided that the
Hamiltonian H is convex. Here, we state a theorem about the monotonicity of HBKLP — the new, less
dissipative Hamiltonian in (2.18). The proof is left to the Appendix. We will consider only Hamiltonians
for which H' changes sign, because otherwise either a~ = 0 or a* = 0 and the Hamiltonian in (2.18)
reduces to the upwind one for which such a theorem is known.

Theorem 2.1 Let the Hamiltonian H € C? be convex and satisfy the following two assumptions:
(A1) The function
G(u,v) := 2H"(u) [(u — v)H'(v) — (H(u) — H@v))] + [H'(v) - H’('u)]2 <0 (2.20)
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for all u and v in the set S~ (u,v) U ST (u,v), where

S7(u,v) := {(u,v) : H(uz:f(v) < H'(u) ; H’(v)’ u>ut > ’U},
S*(u,v) := {(u,v) : H(ui:fl(v) > H'(v) ; H’(v), u<u < v}, (2.21)

and u* is the only point such that H'(u*) = 0;
(A2) For any v and for an arbitrary interval [a,d], the sets S~ (u,v) N [a,b] and ST (u,v) N[a,b] are
either the empty set or finite unions of closed intervals and/or points.

Then the numerical Hamiltonian in (2.18):

a”Hu") +atH(u™)

HBKLP(y+ 47

at +a- ,

+ - + int int -

R L ut — o ™y
a"a {_—a"‘-f—a' m1nmod<a++a_ T T an )}, (2.22)

where

atut +a v~ H@u')—H(u")
(a*+a™) (at +a™)

and at = at(ut,u”) = max{H'(u*), H'(v™),0}, a~ = o~ (ut,u”) = [min{H'(v*), H'(v™),0}| is

monotone, that is, HBKLF s o non-increasing function of ut and a non-decreasing function of u™.

int .

bl

Remarks.
1. The classification of all Hamiltonians that satisfy conditions (2.20)-(2.21) is an open problem.

However, we were able to verify these conditions for certain Hamiltonians. For example, a
straightforward computation shows that for any convex quadratic Hamiltonians H(u) = au® + bu + ¢,
the function G(u,v) = 0, the sets in (42) are either @ or one closed interval, or one point, and

therefore the theorem holds. v
Another example, for which Theorem 2.1 is valid, is H(u) = u*. In this case, the sets (2.21) are

S (uv) = {(w,v) s u+v =020}, ST(wv) = {(u,0):u+v<0<0},
and, as one can easily verify, the function
G(u,v) = —8(u — v)3(w® + 3uv + 6uv? + 20%) <0,

in S~ (u,v) U ST (u,v). As for the sets in assumption (42), they are either @ or one closed interval, or

one point.
2. Notice that assumption (A2) in Theorem 2.1 is needed only for technical purposes and in fact it is

satisfied by (almost) every Hamiltonian H that arises in applications.

2.2 A Second-Order Scheme
A non-oscillatory second-order scheme can be obtained if one uses a non-oscillatory continuous piecewise
quadratic interpolant &. The values of the one-sided derivatives of @ at (z;,t") in (2.17) and (2.18),
are given by '

_ (A‘P);i% Ax

+ n P
by vk i MRS LR o

(2.23)
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where the second derivative is computed with a nonlinear limiter. For example,

T T T O e

(zz)7, 1 = minmod <9 (Az)? , 2(A5)? : (A ) (2.29)

(S

Here, 6 € [1,2] and the minmod function is given by (2.12). The scheme requires a second-order ODE

solver.

2.3 Higher-Order Schemes

In this section, we briefly describe the third- and fifth-order weighted essentially non-oscillatory (WENO)
reconstructions. They were derived in [4] in the context of central-upwind schemes, and are similar to
those used in high-order upwind schemes [7].

In smooth regions, the WENO reconstructions use a convex combination of multiple overlapping
reconstructions to attain high order accuracy. In nonsmooth regions, a smoothness measure is em-
ployed to increase the weight of the least oscillatory reconstruction. Here, we reconstruct the one-sided

derivatives (o) kj &b ¢ =1z; for k=1,...,d stencils, and write the convex combination:
d d
+ £ [ E + +
(pz‘ = Zwk’j((pz )k,j’ Zwk:] = 1, ’U)kJ Z O, (2.25)
k=1 k=1

where the values pT are to be used in the scheme (2.17)—(2.18). The weights w,f’ ; are defined as

+ +

[s C
wz:)] = 2 kg y af’J = —-"%; (226)
IZI ali’j (6 + Sk’j)

The constants c,:ct are set so that the convex combination in (2.25) is of the maximal possible order of
accuracy in smooth regions. We take p = 2 and choose ¢ = 1078 to prevent the denominator in (2.26)

from vanishing.
A third-order WENO reconstruction is obtained in the case d = 2 with

_ Tpi2 T 4pi1—39;

Pi+1 — Pj-1 -

Wy = T 5a, ey = 2Az ’
+ _ =3y +4pir1 — pit2 - _ $i+1 i1
(03)s; = Sy I Y 7.

The constants c,ci are given by

and the smoothness measures are

St =8;[-1,0], S;j=sj[o,1], T =5i1-2,-1], S;;=5;[~1,0].

Here,
s A+ N2 s A+A,_ o 2
Silr sl =24z (——A%’—J’—’> +Az ) (——Ff’ﬁ) , A% = (g —ey). (2.27)
i=r i=r+1
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A fifth-order WENO reconstruction is obtained when d = 3. In this case, )
_ i3 —6pj—1 +3p; +2p511 ((p'_) 23 — 9pj—2 + 18p;1 — 11g;
- ’ z/1

+
(0 64z 3= 65z !
o _ —20i-1 =395 + 60541 — 9542 - _ —pi—2+6pj1— 305 — 2pj41
(Qoz )2,3‘ - 6AT ) ((p:c )2,j - 6AT ’
5y _ —llo; +18pjt1 — 9pjt2 + 20543 v _ 2051+ 3p; — 6pj1 + @42
(‘p:z: )B,j - 6AT ) (‘px )3,_7' - 6AT :
The constants cf are given by
3 1 4, 3
C;-an :1—0') C§-=Cl _1—0, Cy :g,

and the smoothness measures are
St =8;[-2,0], 8f;=5;[-1,1], S§;=5;[02,
S =5; [~3,-1], S3;=25; [-2,0], S3,;=25; [-1,1].
The time evolution of (2.18) should be performed with an ODE solver whose order of accuracy is

compatible with the spatial order of the scheme. In our numerical examples, we use the strong stability
preserving (SSP) Runge-Kutta methods from [6].

3 Multidimensional Schemes

In this section, we derive the two-dimensional (2-D) generalization of the compressed semi-discrete
central-upwind scheme (2.17)—(2.18), and then extend it to three space dimensions. We also comment
on the multidimensional interpolants that these extensions require.

3.1 A Two-Dimensional Schemq

‘We consider the 2-D Hamilton-Jacobi equation,

©r +H((,03;,(py) = 07 (31)

and proceed as in [10]. We assume that at time ¢ = ¢ the approximate point values @7 ~ ¢(z;, Yk, ")
are given, and construct a 2-D continuous piecewise-quadratic interpolant, &(z,y,t™), defined on the
cells Sy := {(z,y) : Ei—zd + ly—zwil < 1}. On each cell S there will be four such interpolants (labeled
NW, NE, SE, and SW), one for each triangle that constitutes S;; (see Figure 3.1). Specific examples

of §(z,y,t") are discussed in §3.3.
Similarly to the 1-D case, we use the maximal values of the one-sided local speeds of propagation

in the z- and y-directions to estimate the widths of the local Riemann fans. These values at any grid
point (z;,y) are given by

%111’? {Hu((;z(x, u, t), oy (2, 9, t))}_”

+ . 5 5 - .
a’jk L %?i( {Hu((px(xa y:t)’ ‘Py(fE»ya t))}+a a’jk =
(3.2)

+ o 5 5 - — |mi 5 5
b, = max {Hu(Bel@y, 0 Bu(mmt)) | o= [%m FACACRN- AR t))}_),

where Cj; = [:vj_%,xj_l_%] X [yk_.%,yk+%}, (+)4 = max(;,0), (-)_ := min(,0), and (Hy, H,)T is the
~gradient of H. '
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G, k+1)
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(j-1, k) a o (j+1, k)

Figure 3.1: Central-upwind differencing: 2-D

The reconstruction @(z,y,t™) is then evolved according to the Hamilton-Jacobi equation (3.1). Due
to the finite speed of propagation, for sufﬁciently small At, the solution of (3.1) with initial data & is
smooth around (zji,yki) where 27, 1= z; £ aJkAt Upy = Uk £ b L At, see Figure 3.1. We denote by

‘pgﬂ: Kt = P27 T4, Ypes t™), and use the Taylor expansion to calculate the intermediate values at the next

time level ¢t = ¢7t!

‘Pgi ke = Ot et — Ot H(Po(2]4, ke, 1), Oy (27w, Yo, £7)) + o(At)%. (3.3)

We now project the intermediate values @?I}c 4 onto the original grid points (2, yk). First, similarly
to (2.5), we use new 1-D quadratic interpolants in the y-direction, V(T -, t"*1), to obtain

n+1 n—+1

~ O ey — ia ke
+1y o n+l +,k+ JEk—p— +1 14 2
w(x_?j;: Y, 1) = ‘Pyi k— T 2 b+ b 5(‘Pyy)?i kbjkbjk(At)
ik ik
— bJ-‘;C SOT-H-l 4 —dF b;k (pn+1 ((’5 )n+1 bt po (At)2 (3.4)
b + Jk JE.k— b +b—- jEk+ 2 YY/ i, k" ik ik )

where (wyy)ﬁk Pyy (Fs, T2, t1) and 77 o= (yk+ +y7_)/2. Next, we use the values dz(z Y Ykt

to construct another 1-D quadratic interpolant (;S( , Yk, t"T1), this time in the z-direction, whose values

at the original grid points are

n+1 tn+1) (35)

ik = ¢($j,yk,

k ay 1
= j_ — 111(33] 7yk7tn+1) + T¢(x]+)yk)tn+l) - _((102:1:);12;’ ik ]Ic(At)
Jk Jk ]k

Here, (Fp‘m);zl ~ rx(T], Yk, t"*1) and Z7 z7 = (27, +z7_)/2. We choose (<,03,,.,;)”+1 to be the weighted

average
+ -—
( n+1 bjk (A )n+1 + Ik bjk ( ) (A )r].+1 ~ (:/E\n n tn+1) (3 6)
Qoa::z: b-_2+ '_k Prz Jik— b'{}c-{-b_ Prz ],k.;-; Lz - Prx Jayk:}:’ . .
J J 3

Notice that both (@yy);‘;’i in (3.4) and (@zx)?}';i in (3.6) are yet to be determined.
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We then substitute (3.4) and (3.6) into (3.5), and obtain

~ = n+l g+l 1= ntl +p+  ntl
o = 0530551 ket + OOk PG e T aGkb3RPT T ey + 05T
AR AP Laf A%
j (afe + a5 (b5, +57,)
+aT 2
AipQsp - R At
SR (Gt + b @et] B
kbl _ (A)? 2
a—“"]_-ﬁ{:k [aﬁ(wyy)}‘f’i + ajk(%y)?I}kJ — -t o(At)”. (3.7)
Tk ]
Substituting (3.3) into (3.7) yields
n+1 aj—kbﬁc ~n A ~ n n ny o n n n
R e L G RE LA L )
J J F) 7
+ it (Fprne — At H(Balaf v, 1), By (3 42, ™))
(af +az) (b + b3) ks FRE Sk T R R
+ (a.*;c + a_-_k)(b-";c + b-_k) (‘pj—,k+ - At- H(‘PI(xj—ayk-i-: t )) (p’y(mj—ayk-f-a t )))
j & /\%5k T 95
MG AGAT ((p""’“‘ - At H (@ (25 Y5 1), By (37 i t )))
g PG i
+ _—
@@k ~ o At)?
- E.T;:__*‘_"Jg__ [b;;c(sozz)zz_l. + bjk(‘stc)?,Zj-] ( 2)
J Jk
b.?-k _k _ At)?
- # [a;;c(‘Pyy el A (o ?I}c} ( 2) +0(AY)% (3.8)
ik T O

The values Co'?i,ki are computed by the Taylor expansions:
G s = Ph T Atalipy  Atbey + O(AL)?, (3.9)

where ¢ := @y (z; 30, yk, t") and <,0yi = @y(z5, yx+0,t") are the corresponding right and left derivatives -
of the continuous piecewise quadratic reconstruction at (z;, yx)-
Next, substituting (3.9) into (3.8) gives

+ - +p=
a;.a; b, b2 At
n+1 n 1k "5k + - Tk Jk + -
e = Pt At (9] — @) + At ——(py — ¥ ) — = el
7 ? aftan T T bR b Y T (0 +ap) (b + b)

’ [a;;cb]—kH(gI (x_?-{—) y}?—{—) tn)a (Zy (.Z'?_*_, ylrcl+a tn)) + a;}cbﬁcH([ﬁz ($?+, y}"?—a tn)a ay ($?+1 y/?_, tn))

+ 0,+ b— H(‘Zx@?—, l/z+7 tn)a ‘Zy (1‘;}_, yg—w tn)) + afkbij(az (33?_, yl::z—a tn)a (Zy(x?—i yl?— ) tn))}

k95K
0 2
_Lik%ik_ 5 1, = (5 11 (AY)
_ b.+1+a._ [b;;(%z);j;_mjk(@m)ga} =
ik ik
bb ~ o (At)? . |
- o [a;;c(‘Pyy ?j-,}c + a5 (Pyy ;:t}c] 2 + O(At)”. (3.10)

+ -
a,j,c-i—aj,C
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Finally, the limit At — 0 generates a family of 2-D semi-discrete central-upwind schemes:

d(p O = _ 9 E 0 ¢)) + apbi H g o)) + ah b Hivs , of) + alibh H oz, 7)
: =
* (afs + aj) (b5 +b53)
o035 b0
_JkTik [+ - 1575k + -
+a;."k+aj_k((’0z wx)+b+ +b5 ((py @y)
+ 4 +
ajan |bh R
ot [ i fosoopit )+ 5 g o)
J J
——b;;c bj—k a;k n+l Jk =\l
ok ta TAI‘%I—I} {At(tpyy) }+ P) hm {At(‘Pyy)j+,k} . (3.11)
jk T Gk

We still need to specify ((pm)J v and ((’p‘yy);";:"}v If they are proportional to (A(yp,))"t!/Az and to
(Apy))™*1 /Ay respectively, then

~ ynt+l)] _ . ~ 1] _
dm (8@t} =0 pm {at@ai} =0

and we obtain the original 2-D central-upwmd scheme from [10]. However, similarly to the 1-D case, we
can choose (Pz5)} + and (B it k to be proportional to 1/At, so that the above limit will not vanish.

For example, one can use the minmod limiter:

1
((p.’z:)_]-f- k+ T ¢z($J s Yot tn+1) ¢z(xj,yki,t"+1) - <(p$)7+,k;t) (3.12)

At(cﬁm);‘zi = 2 minmod (

a]k-f-a aJk-f-a
~ \n+l ing L 2 ANY 7, g+l 5. ytl
~ Py, = Yy (Tjx, U, t Yy(Tjx, Yk, t ~(Py )it a
At(@yy)71 ) = 2 minmod < o)y = i(bi : ), o2 .- +l_ By)ye . (3.13)
Jk Jk ik ik

~ 1 ~ ~ 1 g
Where (‘pz)_?:tki = <p$(x?;ta y?;&’ tn+1) a‘nd (‘py);};ki = <py (1:?:(»;7 y]?j;’

bz in (3.12) are given by

t"*1). The values of the derivative

n+l n+1
Gl o) = S B, (319
(a]k jk)At

and after using (3.3) and (3.9), we obtain
H(GI ($?+’ yl?jy tn): QZy (x;'l-f-? y]?:t) tn)) - H((ZI (CE?_, y]?:{:’ tn)) Zﬁy (:E?—) y?ﬂ:) tn))
(af +a5)

¢z (37, Yiw ™) = —

afied + 00
(af% +a3)
Since the data Is smooth along the line segments (:c;‘i, ype,t), th <t < ™1 it is clear that

+1 +1 _ 4 41 -
Alimo (‘Pz);l+ ki = P2 hm (‘Px - ki =g, Alimo (‘Py)?i,b;_ =Py Alimo (Wy)?i,k_ =, . (3.16)

Therefore using (3.12), (3.16), and (3.15), we obtain

+O(AL). (3.15)

. 2 ;
: n+1 int+ int+ i
:limo {At(%m)j,ki} = ————-( Lo, ] minmod ( -0y T, Py cpx) , (3.17)
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where

at ot —h
(p;nti o jk‘lox + ajkwa: H(‘)Ox )‘py ) H(Qa:c )()Oy ) (3.18)

(a;}c + a;k) (af, aj+ ajk)

Likewise, using (3.13), we obtain

hm {At(goyy)ﬁ_'i} ( = —————— minmod ( goi,ntj:, goznti 90;) , (3.19)
]k
where
(plntj: = bjk(py + b k‘py _ H(W},‘P;) _H(§Dj~,ty(p;) (320)
v (b +3%) (b + b3)

Finally, we substitute (3.17) and (3.19) into (3.11). The resulting 2-D compressed semi-discrete
central-upwind scheme is

_q_w.k(t) — akaJkH((pz’(py) +a]kb H<(px’<'0y ) +a]k ]k:H(w:v’ ) +a’_7/c H(‘Pa:)%y)
dt’ 7 (ajk + ajk)(bjk + b_yk)
+ 4= bt ' int— int- -
+ajaz [(’Dj: Yz _ 7 ka_ minmod( T <Px ~ ¥s >
Qg T a 05+ 05 af tag T oaf tag
b 1nt+ int+
- k__ minmod(wz Pa , L f’ )J
bjk-f—bjk .k+ajk ajk+a.
— + — — —
+bt b7 =%y L minmod (py — goll’nt w’l’nt — ¥
TEIRABE 40 ol +a b | bR +b;
Jk 7k a’jk ik j ik ik
1nt+ int+ _ -
——i—rmnmodcpy LT . )J . (3.21)
ah +a; bl +bn | bR+ by

Here, (pmtt and (pmt:t are given by (3.18) and (3.20), respectively; the one-sided local speeds, a;.tk and

bjik, are given by (3.2); and formulas for ¢ and cpf are discussed in §3.3 below.

Remark. In practice, for convex Hamiltonians H the one-sided local speeds are computed as
o}, = mpx {H, (¢%,6%) 0}, aj, = |min {H (¢F,0F) 0} | (3.22)
— + - _ 5
b;'k —mﬁx{Hy (w3,9y) .0}, b = ’HEH{H ‘Px"Py )0} '

where the maximum and minimum are taken over all the possible permutations of =.

3.2 A Three-Dimensional Scheme
We consider the three-dimensional (3-D) Hamilton-Jacobi equation,

vt + H(pz, 0y, 02) = 0.

We use the maximal values of the one-sided local speeds of propagation, aﬁl, bjik,, and c;.tkl, in the z-,
y- and z-directions, respectively. These values at any grid point (z;,¥yx,2;) are given by the obvious
generalizations of (3.2) and

c-"}cl = max {Hw(@c(ﬂi, Y, 2, t)?ﬁy(x’ Y, 2, t)y@z(x, ¥z, t))} )
J Cixt +
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Icr}lkrll {H’w(gx(x)y) Z,t), Q‘Zy(m:y>z7t)’(;z($> y) Z; t))} ‘ 3
7 - -

Cikt =
where Cjp = [a:j_;,zj+%] X [ykﬂ%,yH%]x, [Zz—§:zz+%]~ Proceedir.1g as in. two dimensions, the 3-D
compressed semi-discrete central-upwind scheme is (suppressing the indices j, k, )
ap 1 4 &
— = - bEEH (T, T, T
at (a++a‘)(b++b‘)(c++c”)§;[a CHZ ey e D)
ata”™ , . 2 ctem , L _
+m: (‘pz _(px)+m:((py —'Qoy) +C++C— ((pz _(Pz)
1 o~ [ + 2, i ]
- b Do),
FrEE T L e
- +1 4+ + +1
+5+6= 3 [aReS(D20)7E, | +ete ) [a*6%(D20)}5 k] } (3.23)
+

where the summations are taken over all possible permutations of + and —. For example, in the first
sum a*b~c*t should be multiplied by H (¢, ¢}, ¢; ) In (3.23), we use the notation

+1 . int int -
(Dgw)zki’li := minmod (‘P: (7 )ikt it (s )ikt 9%) )
I + int int -
(Dy(p)j:l:,k,l:i: = minmod (pr - ((py )ji,k,l:f:’ (‘py )j:t,k,l:t - goy) ’
+1 . i i -
(D:zz(p);‘b;t,kj:,l = minmod (SD; - (‘Pint/)j:h,ki,l» (‘pint)ji,k:i:,l — ¥ ) )
where
ooty o eI taTer H(p}, ¢y, v5) = H(z vy, ¢%)
Pr Tk L (a+ +a_) (CL+ +a_) ’
(o0t _btrel ey H{gr,ef,0F) - Hvs, 0y, %)
Py Vit kit G+ +b67) o+ +57) ;
() ctof +cp;  Hlpz vy, 08) = Hlez, oy, 07)
z JixkEl - (c++c‘) (C++C—) .

3.3 Multidimensional Interpolants

The schemes developed in §3.1-3.2 require a multidimensional non-oscillatory reconstruction. The
simplest option is to use straightforward multidimensional extensions of the 1-D interpolants from §2.2~

2.3, obtained via a “dimension-by-dimension” approach.
For example, a 2-D non-oscillatory second-order central-upwind scheme is given by (3.21) with

n n
+_ (A(’D)-fi%’k T Az (0z2)™ £ _ (A(’o)j’ki% T Ay (0yy)”
Yz = Az D) Pzz j+%,k’ Yy = Ay 2 Pyy j,k+%’

( )n _ miand 9(A<p>3+%,k - (A(p)j+%,k (Alp)_y_i_%,k - (Atp)]—%,k (AQO)J+%’}C - (A(p)J_%’k
Pozlitine = (Bz)2 ! 2(Az)? ’ (A7) ’
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( )'n - min Od 6 (A(p)] k+3 (A‘ID);’;IH,% (A(p)] k+— (ALP)?JC_% (A(p):k+ (A(p)J k__
Po/jhey T IR (Az)2 ’ 2(Az)2 ’ (bz)? ’

where 6 € [1,2], and the minmod function is given by (2.12). Similarly, the corresponding “dimension-
by-dimension” 2-D extensions of the WENO interpolants from §2.3 can be used to reconstruct the
derivatives in (3.18), (3.20), and (3.21). For more details see {4].

4 Numerical Examples

In this section, we test the performance of the new compressed semi-discrete central-upwind schemes
on a variety of numerical examples. We compare the methods developed in this paper, labeled BKLP,
with the second-order scheme from [10] and the fifth-order scheme from [4], both of which are referred
to as KNP. Our results demonstrate that the BKLP schemes achieve a better resolution of singularities
in comparison with the corresponding KNP schemes.

Note that in regions where the solution is sufficiently smooth, a*a™ and b*b~ are either equal to zero
or very small (for smooth Hamiltonians and sufficiently small Az and Ay). Hence, the BKLP and KNP
schemes of the same order will be almost identical in these areas, and thus there will be practically no
difference in the resolution of smooth solutions. We therefore only examine results after the formation

of singularities, for which ata™ and/or b5~ may be large.

4.1 One-Dimensional Problems

A Convex Hamiltonian
We first test the performance of our schemes for the Hamilton-Jacobi equation with a convex Hamilto-
nian: ‘
1 2

et (pz+1)" =0, (4.1)
subject to the periodic initial data ¢(z,0) = —~ cos(wz). The change of variables u (z,t) = pz (z,t) +1
transforms the equation into the Burgers equation u; + 3 (u*)_ = 0, which can be easily solved via the
method of characteristics. The solution develops a singularity in the form of a discontinuous derivative
at time ¢ = 1/72.

The computed solutions at T’ = 2.5/72 (after the singularity formation) are shown in Figure 5.1, where
the second- and fifth-order BKLP and KNP schemes are compared. There is significant improvement in
the resolution of the singularity for the BKLP schemes compared with the KNP schemes. The second-
order BKLP scheme has a smaller error at the singularity than the fifth-order KNP scheme, while the
fifth-order BKLP scheme has the smallest error. In Table 5.1 we show the relative L!- and L*-errors.

A Non-Convex Hamiltonian
In this example, we compute the solution of the 1-D Hamilton-Jacobi equation with a non-convex

Hamiltonian:

pr —cos (g +1) =0, (4.2)
subject to the periodic initial data ¢ (z,0) = —cos(wz). This initial-value problem has a smooth
solution for ¢ < 1.049/72, after which a singularity forms. A second singularity forms at ¢ ~ 1.29/72.
The solutions at time T = 2/72, computed with N = 100, are shown in Figure 5.2, with a close-up
of the singularities in Figure 5.3. The convergence results before and after the singularity formation
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closeup: convex example, Nm100 at tm2. 542

0.25

o.248

0.24 |-

0.235 -

.23

o.225

1.24 1.248

1.25 1.285
x

1.26 1.265

Figure 5.1: Problem (4.1). Left: The solution. Right: A close-up of the solution near the singularity. “x":

2nd-order KNP, “0o":

2nd-order BKLP, “+": 5th-order KNP, “x": 5th-order BKLP, "—":

I Convez ezample o, + & (p, +1)° =0
2nd-order after singularity T = 2.5/7*
relative L1-error relative L°°-error
N KNP | BKLP KNP BKLP ||
100 || 3.43x107% ] 2.94x10™% | 1.76x10~% | 1.29x107¢%
200 || 4.57x107% | 4.10x107° [ 7.00x107% | 1.96x10~°
400 || 2.15x107° | 1.85x107° | 1.18x107° | 8.85x107°
800 || 2.87x107°% | 2.55x107° | 4.38x10~" | 1.47x10~7
Sth-order after singularity T = 2.5/7°
relative Ll-error relative L*®°-error
N KNP | BKLP KNP | BKLP
100 || 1.50x107% | 1.13x10~% [ 1.46x10~% | 1.10x10~¢
200 || 2.33x107° [ 9.95x10~7 | 1.56x10~% | 3.42x 107
400 |} 9.39x107% | 7.08x10~° | 9.33x10% | 7.02x10~%
800 || 1.13x1077 | 3.94x1078 | 7.54x10~% [ 1.41x10~%

exact solution.

Table 5.1: Problem (4.1). Relative L'- and L>-errors for the KNP and BKLP schemes.
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non-convn axample, Nm (00 o £=2.0/x"

a8

o (X3 04 08 [ 1 12 .4 [ 18 2
x

Figure 5.2: Problem (4.2) — the KNP and BKLP numerical solutions.

Closeup: NON-CONVExX exampie, N=100 1o tm2.0/7t%

Closeup: non-convex example, N=100 1o tm2.0/7?
.o8 -0.84

-0.8an
1.075(
-0.es

-0.888
-0.88
- 1.08s5 4 - -0.865

-0.87

1.08 :
-0.875

-0.88
1.088 -
-0.8858

Q.28 o.268 .27

Figure 5.3: Problem (4.2). Left: The singularity near x = 0.25. Right: The singularity near z = 1.11.
2nd-order KNP, “0": 2nd-order BKLP, “+": Bth-order KNP, “x": 5th-order BKLP, "—": exact solution.

are given in Table 5.2. In this example, the local speeds of propagation were estimated by (2.2). The

results are similar to the convex case, though the improvement here is somewhat less dramatic.

Next, we examine the convergence of the numerical solutions of (4.1) and (4.2), computed by the
fifth-order BKLP and KNP schemes. These results, together with the fifth-order methods from [7] and
[3], are shown in Figure 5.4. The reader may note that the convergence rates in these examples are
erratic. However, this investigation of the relative L!-errors for many different grid spacings shows that
the behavior is due to super-convergence at some grid spacings. Notice that for all grid spacings the

Ll-error of the BKLP method is less than the others.

4.2 Two-Dimensional Problems

In this section, we test the 2-D BKLP schemes on Hamilton-Jacobi equations with convex and non-

convex Hamiltonians. We start with the convex problem (compare with (4.1)):

1
90t+'2'(‘10z+90y+1)2=0>
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Non-convex ezample ¢ — cos (g, +1) =0
2nd-order after singularity T = 2.0/7%
relative L1-error relative L -error
| N KNP | BKLP KNP | BKLP
100 || 5.59x107% | 4.97x10% | 1.75x10~% | 1.22x10-2
200 || 9.52x107° | 9.52x107° | 4.47x10-° | 4.11x10-°
400 || 2.40x107° | 2.40x10~> | 2.06x10~° | 1.57x10-%
800 || 6.02x107% | 6.02x10~% | 6.30x10~" | 3.09x10~"
Sth-order after singularity T = 2.0/7?
relative L1-error relative L>®-error
N KNP | BKLP KNP | BKLP
100 || 1.48x107% [ 9.91x105 | 1.25x10~% | 8.17x10->
200 || 8.49x107% [ 5.82x10~% | 1.35x10~7 | 8.88x10-8
400 || 7.89x107° | 6.60x10~Y9 | 8.21x10~" | 5.48x10~7
800 || 6.63x10710 [ 5131010 [ 2.25%10~7 | 7.77x10-%

Table 5.2: Problem (4.2). Relative L- and L>-errors for the KNP and BKLP schemes.

convex H, T=1.5s2 non—convex H, T=1.54c2

~3
10-2 N 10 3 E
107 ¥ E
10™ E
107° +
s ]
107% L 4
= 10~° -2 3
g g ]
__? 10-% L N - ]
— E — 10 F 3
w 3
£ 2 :
g a3 —_ 1
® ol ] © 107° | 3
[ 107° 3
—8 3
10 B . £
: 1070k +
—~9
10 E 5 _ 1
£ 1007 E
—10 —12{
10 . 10 + . .
10’ 10% 10° 10* 10’ 10* 10° 10

number of points

Figure 5.4: Convergence of the 1-D examples. Left: Problem (41), T = 2.5/7%. Right: Problem (4.1),
T =2/x% “+": Sth-order BKLP, “A": Sth-order KNP, “o": the 5th-order method from [7], The solid lines

show example rates of convergence.



18 S. BrysoN, A. Kurganov, D. LEvy & G. PETROVA

which can be reduced to a 1-D problem via the coordinate transformation

£\ _[1/2 1/2 z

n) = \1e -12 )\ y )
The relative L1- and L®-errors for the periodic initial data ¢ (z,y,0) = — cos (7(z + y)/2) = —cos (7€)
after the singularity formation at T = 2.5/ are shown in Table 5.3.

2-D Convez example

2nd-order after singularity T = 2.5/m
relative L -error relative L°°-error
N KNP | BKLP KNP BKLP
750 [ 7.31x10~% [ 7.26x10~% | 2.13x107% [ 2.23x10~®
100 || 3.27x107% | 2.99x107% [ 1.58x107% [ 1.30x107°
200 || 4.37x1075 | 4.12x107° [ 2.34x10~% [ 9.87x10~°

5th-order after singularity T = 2.5/7°
relative L1-error relative L>®-error
N KNP | BKLP KNP | BKLP
750 [[6.01x1075 | 4.39x10°% [ 3.79x10~7 [ 1.60x10~"
100 || 1.40x10=% [ 1.19x107% [ 1.33x107% [ 1.11x107%
200 || 1.98x1075 [ 1.23x10°° [ 5.97x107° [ 2.58x10~°

Table 5.3: Problem (4.3). Relative L1- and L™-errors for the 2-D KNP and BKLP schemes.

In Table 5.4, we present similar results for the non-convex problem (compare with (4.2)):
pr — cos (pz + ¢y +1) =0, (4.4)

with the periodic initial data ¢ (z,y,0) = — cos (n(z + y)/2).

2-D non-convez example
2nd-order after singularity T = 2.0/m?
relative L'-error relative L*°-error
N KNP BKLP | KNP BKLP
50 [ 1.84x1073 [ 1.75x1073 | 5.11x10~% | 3.66x10~°
100 || 5.86x10~% | 5.48x10~% | 1.50x107° | 1.21x10~°
200 || 1.14x107% | 1.13x107% | 2.15x1078 | 2.04x10~%

B 5th-order after singularity T = 2.0/m%
relative L -error relative L™ -error
N || KNP BKLP KNP T BKLP

50 [ 1.79x107% | 1.44x10~% | 6.81x10~7 [ 6.80x10~7
100 || 1.14x107% [ 8.97x1075 | 1.02x10% [ 7.82x10~7
200 || 4.42x1077 | 4.32x10~7 | 5.65x10~10 | 4.18x10~10

Table 5.4: Problem (4.4). Relative L*- and L®-errors for the 2-D KNP and BKLP schemes.
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A Appendix: A Proof of Theorem 2.1

Proof. First, we fix u~ and show that HBXEP(yu,u™) given by (2.22) is a non-increasing function of u
(the proof that HBXLP ig non-decreasing function of its second argument is similar). We denote by

H@-HeO)
Qlu) = vou (A1)

H,(u_)) u=u,

and 1
A(u) = 3 (a+(u) - a‘(u)) ,

where o (u) = max{H'(u), H' (v7),0} and a~(u) = [min{H’(u), H'(v~),0}|, and by U, U3, V1, VA,
the sets

Up:=U1(v”) ={u: Qu) — A(u) <0}, Uz:= Ug(u“)Az {u: Qu) — A(u) > 0}, (A.2)
Vi=W{)={u: Qu)—A(u) <0}, Vo:=Wolu")={u: Qu)— A(u) > 0}. (A.3)

Both U; and V; are open sets (@ and A are continuous) and as such can be represented as a union of
at most countably many disjoint open intervals I; and Jj, respectively, i.e.

U, = U;’f__lfj and V= U?‘;IJJ‘. (A4)
In the new notation it is easy to verify that the Hamiltonian HBXLF can be written as
HIBKLP(’U,,U_), u € Uy,
HBKLP(U, u”) = { (A.S)
HBKLP(y 4=), u € Uy,
or as
HEELP(y,u™), uwe W,
HBKLP(’LL, u) = (A.6)
HEBKLP(y ™), ue Vs,
where
o o C@HuY) +at(wHET)  af(we(w)  _
HP (™) = at(u) +a~(u) at(u) + a (u) (w=v)
at(u)a~(u) - _
+ (e () + o= (W))? (u—u™) [Q(u) +a (u)] , (A.7)
and
o . o @HuH)+atwH@w) at(waeT(w) o _
HPF P (w™) o= at(u) +a=(vw) at(u) +a=(u) (u—v7)
+ -
a*(wa” (u) S(u—u7) et (u) - Q)] . (A.8)

(a* () +a~(u))

Notice that for those u for which Q(u) = A(u), we have that HPXIP(u,u™) = HEELP (y,u™), and
therefore HPXLF(., 4~ is a well defined function consisting of the pieces HEXKLP (. 47), i =1,2. We will
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use formulas (A.5) and (A.6) and continuity arguments to show that HBXLP(. 4~) is a non-increasing

function on the whole real line.

Consider the point u* such that H'(u*) = 0 (see assumption (A1)). Then HPXLP(y,u™), i =
1,2, are continuously differentiable on the intervals (—oco, min{u~,u*)), (min(v~, v*), max(v~,v*)), and
(max(u~, u*),00) (in case u~ = u*, on the first and third interval only) and continuous on IR.

Case 1. Let u € (—oo, min(u~,v*)). Then £ (a¥(x)) = 0 since a*(u) = max{H'(u), H'(v~),0} and
H' is a non-decreasing function of u. In this case we have

20~ (W)Yo~ (Wor (W —w) . |
@@ ey Lo
(0 (w))2(a* (u) — H'(w)
@ ra @R

d
du(

HEKLP(y ) =

Note that there exists £ € (u,u™) such that

Q= 2T _ gy < ) < o),

a~ is a smooth non-increasing function on (—oco, min(u~,u*)), a*(uv) > 0, a~(u) > 0, H'(u) < a*(u),
and therefore the derivative £ (HFXTP(u,u™)) < 0. Hence HBKLP (u,u”) is non-increasing on
(=00, min(u™, u*)).

Similarly, for u € (—oo, min(u~,u*)) we have

d 2 (et () — u)
£ (i) = 2P L) (o) - )
o~ (Wat(u)(et (w) - H'(w) | a~(WH ()
@ @) Fa- ()2 W e (A.9)

Now we fix j and consider the corresponding open interval I N (—oo, min(u™,u*)) (see (A.4) and
representation (A.5)). As above, a” is a smooth non-increasing function on (—oo, min(u =, u*)), a*(u) >
0, a=(u) > 0. On each I, Q(u) < A(u), and therefore the first term on the right-hand side (RHS)
of (A.9) < 0. The second term is non-positive since a*(u) > H'(u). The last term is < 0 because
H'(u) < 0 for u € (—oo, min(u~,u*)). This proves that HFXLP(y,u~) is a non-increasing function of
u on I; N (—oo, min(u~,u*)), for every j.

Case 2. Let u € (min(u~,u*), max(uv",u*)). In this case the derivatives are d% (a*(u)) = 0 and
zda (a™(u)) = 0. Therefore

% (HPELP(y,u7)) = _(

which shows that HZXZP(. 4~) is non-increasing on (min(u~,u*), max(u~,u*)). Likewise
d o~ (we" (u)(a¥ () ~H'(w)  _a”(wH'(v)
du (at(u) + a=(u))? at(u)+a=(u)

The first term on the RHS is < 0 since a*(u) > H'(u). As for the second term, we have two possibilities.
If u= < u < u* then H'(u) < 0, which will make the whole term < 0. If u* < u <u~, then a™(u) =0
and the second term is 0. Therefore, the derivative of H fK LP i3 < 0, and thus H fK LP (-,u™) is non-
increasing on (min(u~,u*), max(u~,v*)), and in particular on I; N (min(u~,u*), max(u~,u*)) for every

J-

@)@t (W) - B'W) _

(a*(u) + o= (u))? since ™ (u) > H'(u),

i

(HBKLP( u,u )) —_ —
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Case 3a. Let u* < u~ < u. Then a (u) = 0 and therefore HBKLP = HEKLP(y 4~y =
HPKLP(y =) = H(v™). In particular, HEXLF is a non-increasing function on (u~,00), and HEPKLFP
is a non-increasing function on I; N (u~, 00}, for every j.

Combining the results from Cases 1, 2 and 3a, we obtain that HZXLP is non-increasing on the whole
real line (since it is continuous on IR and non-increasing on each of the intervals (—oo, min(u~,u*)),
(min(u~, u*), max(u",u*)), and (max(u~,u*),0)), and HEXLP is a non-increasing function on every
open interval I; from Uy (same reasoning). Since HPXLP (u,u~) = HEKLP (u,u™) for u € 8I; it will
follow from (A.5) that HBXLP(. 4~) is non-increasing on the whole real line.

Case 3b. Let u~ < uv* < u. In this case we will utilize representation (A.6) for H BKLP gpq, using
the results from Cases 1 and 2, we will show that HBXLFP is a non-increasing function on the interval
[a,b] for any a and b, and therefore on the whole real line.

Notice that in this case V1 = S7(u,u™), and then, by assumption (A2), Vi N[a,b] is either & or a
finite number of points and/or a finite union of closed intervals 7;. Note also that we have

(u*,00) N [a,b] = UL, [J; N (u*,00) N [a,b]] UUFL Tg, for some m. (A.10)
For v € (u*,00) we have that 3% (a~(u)) =0, and hence

d - 2(a* (W) (a” () (u —u”) (e~ (W) (a*(u) - H'(u))
el HBKLP - _ —A . i
du (H (w,u7) (a*t{(u) + a~(u))3 Q) (w)] (at(u) +a=(vw))?
As in Case 1, we fix j and consider this time the corresponding interval J; N (u*,00). Since a™ is a
smooth non-decreasing function on (u*, 00) and Q(u) > A(u) on Jj, the first term on the RHS < 0. Also
a*(u) > H'(u) and hence the second term is also < 0. This gives that H2XZF (y, 4™) is a non-increasing
function of u on J; N (u*, co) for every j.
When v~ < u* <wu, a*(u) = H'(u), a~(v) = —H'(u~), and hence
d _ a” (uw)H' (u) _
= (HBKLP = A1l
_du( 1 (u,u7)) (at(uw) +a‘(u))3G(u’u ) (A-11)
where G(u,u™) is given by (2.20). Since H'(u) > 0 for u > u*, conditions (2.20)~(2.21) ensure that
the RHS in (A.11) is £ 0 for u € 7. This shows that HEXLP(y,4™) is a non-increasing function on
each of the intervals 7 constituting Vi N [a,d] (if V1 N [a,b] consists of finite number of points, then
HEKLP = gBKLP 4t these points).
Since HPXLP (y, u~) = HPKLP (u,u™) on 8J;, all the above arguments and (A.6) prove that HBKLP
is non-increasing on (u*,00). This, together with the conclusion in Cases 1 and 2 and the continuity of

HPELP(y 47), i = 1,2, give that HBXLP is non-increasing on [a, b)].

Similarly, one proves that HZXLP (y+ u) (when u™ is fixed) is a non-decreasing function of the second
argument u. Here, in the case corresponding to (A.11) in Case 3b above, we have

d _ at(wH'(u)
du (HZEF (w,0) = (at(u) + a=(u))

Since H'(u) < 0 for u < u*, conditions (2.20)-(2.21) guarantee that the derivative is non-negative, and
hence HFKLP (y* v) is a non-decreasing function of u on the finite union of closed intervals $*(u, v*)N

[a, 8].

sGu,ut), u<u*< ut.
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